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IHTerpyBaHHA pallloHasbHoro Apooy cnellaIbHOrO BUTIALYy 


In the paper new representations for the functions cos” x and sin” x are obtained, which are effective for 
evaluation of many integrals, especially K, = [@ +a’) "dx . It is found a primitive of the integral K, in 


the explicit form, while in the mathematical analysis this integral is calculated by means of a recurrent equation. 
Besides, the received representation gives new representation of Wallace’s formula. 
Keywords: integral, rational fraction, sine, cosine, identity, primitive. 


B ctatbe Mosy4eHbI pescTaBleHua Ayia (byHKuMii sin” x u cos” x , KOTOpbIe oka3amMcb apbeKTHBHEIMU 
WIA BEIETMCIEHHA WATerpasos Bua K = J? ae ) "dx . Haiizena reppooOpa3vas uuterpana K, B sBHOM 


BUC, B TO BPeCMA KaK B MATCMAaATHYCCKOM aHasInN3e STOT MHTCrpasl BEIAHMCIIACTCA C TOMOLIbIO PeKYPpeCHTHOTO 
COOTHOINCHHA. Kpome TOPO, MOJTYICHHOE IIpeACTaBJICHve WaeT HOBOS IIpeCTaBJICHHe (bopMyJIBI Bassuca. 
Ku1r0"eBble CJIOBA: MHTer pas, pauuwoHnasIbHaA mpoOb, CHHYC, KOCHHYC, TO2K]ICCTBO, TepBooOpa3Has. 


Y cratti oTpumMaHo MpeyctaBeHHa Wa PyHKuiii sin” x i COS" x , AKi eeKTHBHI Jia OOuNCHeHHA iHTerpasiB 
Buriagty K, = [@ + ay dx . 3HaliqeHa uepBicua interpany K, B sABHOMY BUrAyi, Too aK y 


MaTeMaTHYHOMy aHasli3i iHTerpasl OOYHCIIOIOTS 3a JOMOMOFOIO PeKypeHTHOrO CIIBBIAHOWeHHA. Kpim Toro, 
TIpeACTaBsIeHHA BUKOPUCTaHO A OTPHMaHHA HOBOrO TipescTaBleHHA (opmym Basica. 
Ksr040Bi c10Ba: iHTerpas, pallloHaIbHHl Api0, CHHYC, KOCHHYC, TOTOXKHICTb, MepBicHa. 


Introduction 


Mt+N : 
5 EN,, Pog 0 presents the 
(t + pt+q) 4 


well-known problem in mathematical analysis [1]. After the appropriate replacement of a 
variable and the transformation of the numerator of the fraction the problem is reduced to 


the integral K, : 


Integration of the fraction of the kind [J 


dx 
Ko =| Seis (1) 
a be + ay 
In the case n =1 integration is not a problem. It is the tabular integral: 
dt 1 t 
K,=|a = pean 
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In the general case the integral (1) is calculated by means of a recurrent equality [1-3] in 
which K, is expressed by K, ,. 
t 24=3 
Aa IV AAI pay | aA @) 
Knowing K, we find from the recursion (2) the next 
t 1 
2a’(t? +a’) De 


In the paper we will consider other way of evaluation of the integral K,. For this 


integral K, = K,. And from K, we will find K, and so on. 


purpose we introduce some important and useful equalities. It will be done in the next 
section. 


1. A new representation of the functions cos” x and sin" x. 


Let's consider the problem of expressing of the functions cos” x and sin" x by a linear 
combination of the functions coskx and sinkx . 

For this Euler’s formula e” =cosx+isinx can be used. Thus, for cosine function 
cosx we have the following representation cosx=(e"+e")/2, where i is imaginary 


—nix 


unit. Then,  cos’x= : (e +e*)" = +e)”, Applying Newton's _ binomial 


” n 
n 
(a+b) =>°Cha‘b"*, where — Ci = ”“— are binomial factors [4-5], we will receive 
La i(n—h)! 
ei n 


cos’ x= 


Ceres AY cig = *SCK(cos (x(n—2k))+isin (x(n—2k))). 
2" 420 2" 2" 4-0 


Now we will show the last term is null: 
Yc sin (x(n—2k))=0. (3) 
k=0 


At k=n/2 it is obvious. For k#n/2 because to the property C' =C”™ of the factors C* 


to everyone k in the sum (3) there is existed the same term of opposite on a sign. 
As a result we will receive a simple formula: 


cos" x= °C, cos((n—2k)x), (4) 
k=0 


This representation can be considered as a_ generalization of the formula 
cos’ x =(1+cos2x)/2 for any n=2k. Really, in the case n=2 from (4) the well-known 


2 
formula is followed cos’ x = Ct cos ((2-2k)x) = 1+ cos2x_ 
k=0 


Let’s move out from the sum (4) the term with k =n/2. 


Cc"? 
o" 


cos’ x= yc cos((n—2k)x), (5) 
k=0 


The term with k =n/2 corresponds to a case when a value of the cosine function is unit. 
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The next step is to get the expression for sin” x like to (4) - (5). We will transform the 
function sinx =(e" —e)/2i which follows from Euler’s formula like the cosine function: 
eu a Ke gi2x(n-k) = Cc | k gix(n-2k) 
re =o n ( ) 2°50 oo n ( ) 
Let’s represent imaginary unit 7 in the exponential form 7 = e'*’ 
Euler’s formula 


—ixn 


. ; n 
sin" x = “(ee a 1) = 
sas He 


and after this we will apply 


-i it(n— it(n— 2k Hin 
sin” =e "rae (ea Lae l*‘e o 
it(n—2k)-in TT 2 Ws TU 
e 2 i Ek 


It is not difficult to show eC (-1)" ssf t(n—2k)—n ne) 0. Therefore, there is a similar formula 
k=0 
as (4) only for sin” x: 


ae: > Cyc cos{n-24)-n7 (6) 
eS 2 


This formula can be considered as a generalization of the formula for sin? x =(1—cos2x)/2 
for any n=2k. 


2 2 
sin?x= ¥(-1'C! cos(x(2-2k)-z2)= i YD" cod a(2 2k))= = 
iO k=0 


We can move out the term with k=n/2 from the sum (6) like we did it for the cosine 
function: 


ae en Gc a 1 n pode a 

sin” x= “_cos| n— |+ 1)"C;, cos| x{n—2k)—n— |, 7 

5p 2s CY Ges ae 2k) ) 
k#n/2 

Let’s consider some properties of the formulas (4) - (7). First of all, we will write 

down the equalities for even and odd values of n. When n =2m is an even number the for- 


mula (5) looks as follows: 


m Te a 1 2m 
on 
Using the property Cy, = — ~ of binomial factors we will get: 
cos” x = ce a ; pes cos(2(m—k)x). (8) 
Ifthe number 1 =2m +1 is odd the pe of Scie of binomial factors gives the equality: 
os?! > =e LG Pia cos(( 2m+1—2k)x). (9) 
Similar formulas we will receive fr a sine function: 
Se a as 3 I"), cos(2(m—k).x), (10) 
rig =r 2 p> (-1)"C,,,, Sin (x(2m+1—2k)). (11) 
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Here the equality cos [ x—(2m+ 5 = (—1)”" sin x was used. 


2 The integral K, 


Now we return to the In integral K, (1) in which we will make the substitution 


t=a-tanx , dt=acos~ xdx, (t? +a’)" =a"" cos" x. The result we will write down in terms 
of the variable ¢ again: 


| cos” tdt. (12) 


In the integral (12) we will substitute the Sate (8): 


1 i Cr: 1 n-2 
| ee [cos ) tdt = OS\EErST ae far +5 SOs cos(2(n —1—k)t)dt. 
a 2 a ae ar 
Integration becomes a very simple: 


K,= = sree vf + ee 1) nln = %) +C. (13) 
This is one of the main result of the paper. Comparison of the formula (13) with the 
recursion (2) allows to make a conclusion on some advantage of our theory. For example, 
if there will be a necessity to calculate a definite integral (especially at n>>1) it easier to 
make it using the formula (13), instead of (2). 
Besides, our approach allows to continue logically researches and to receive, for 
example, Wallice’s formula, meanwhile it is impossible to do by of the classical method. 
Some sequence values of K,, are given bellow according toour theory. 


1 2, sin(2¢(1-k) 1 

K,= Cha Cr le 0 2t)+C 

; aa be x1-B +Cot rr t+sin 2t)+C, 
4 : os 

1 | yc sin(2t(2 cy 7 


Sek, - DOSE |- 32a 


~(12¢+sin4¢+ 8sin2r)+C ete. 


3. Integrals /, and /,. Wallace’s formula 


m/2 n/2 
Let's apply the theory to the integrals 7, = | cos" tdt J, = } sin” tdt . We use the 
0 0 


representations of the functions cos” x in the forms (8) — (9) and the functions sin” x in the 


a/2 
forms (10) — (11). For the function (8) we take into account fa cos(2(m - kt) =0. 


0 
c” m/2 m/2 


hy = J dt+ pie “ dtcos2(m—k)t)= re SO; 
int (2m+1-2k)= 
1w n/2 si ( | 12 Cc 
L =. di 9) J- 2k)t) = 2m+1 : 
2m+1 ym = 2m+ J tcod( m+ =m DG 2m+1 Im+1—2k am 2, Im+1—2k 
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m/l2 
For function (10) we also to take into account equality J dt cos(2(m—k)t)=0. 


Cc. m/2 l er m/2 ; 
Jom = ii las + Sam oX Peres. | aices(ek m— k)t)= ome cy 
It is not wonder, that, J 
. n/2 a/2 
lity [ cos” tdt = | sin” tdt - At last, 
0 


0 


=J,,,. The equality iaes from the obvious geometrical equa- 


2m 


LS pence Ff cage COS 2412 ve) 2)1 
ams = 5am Dy hal oe J dtsin((2m+1—2k))t =m 1) sala Godlee o( mt 2h ) = 


k+m pk 
_ ence ae k)\t+m/2) 2)- (-l) Comet 
Se yn Ooms 2m+1—2k a 2m+1—-2k © 


2n+l1 


Integration of the obvious inequality sin*"*' x <sin*” x <sin*”"'x over the interval, 


x €[0, = yields the integral inequalities: 


Lai Ss Li Ss Lyn Ay (14) 
We use the formulas for the integral J, in the cases 1,4) LomsLom1- 
sin’ x <sin” x <sin’” x , (15) 
that is equavivalent to the expanded form: 
1 3 Sea (Gea ef 4 8G Wage: ome 
m £4 Im +1—2k 2* ml mala Dk 


For example, m=1 5 Sm <4 2,667 <a<4, m=2 ae StS SS 2,844 < 2 < 3,556 etc. 


The sequence of integrals monotonously {/,} decreases, and lim/, =0. From here 


mo 


follows, that there is a limit: 


(- Nea Oa ; ‘ 
—=lim = mah (16) 
2 moCy fo 2m+1-2k 
Let’s compare this formula with Wallace’s formula [1] 
2 
! 
fie OD) (17) 
2 ©2n+1}| (2n-1)! 
It is easy for receiving from inequalities (14) which can be written down in an explicit form, 


: ‘ ; —1 
using a recurrent parity between integrals J, = aes ‘ie 
n 


2 2 
_—))! =) 
(2n)! E (Qn-1)! 2 z (2n-2)! Ss 1 (2n)! EM x 1] (2n)! (18) 
(Qn+l)! (2n)! 2) (2n-1)!—-2n +1} (2n-1)! 2 2n| (2n-1)! 
The sign means m!! product of the first natural m numbers taking into account parity, for 
example (2m)!! = 2m -(2m—2)-...-2 
Comparing formulas (14) and (15) and inequalities (13) and (16), we will receive: 
ly Giters aol Ga | Ge, Omani 
Cr m+1—-2k = 2m+1](Qm—-D! |’ 22" (my 
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These equalities are easily checked for the various m . 
The APPENDIX. Identity (cos* x + sin? x)” =1. 


The approach allows to write down often used identity in (cos* x + sin? x)” =1a kind: 


ii Oa 2m-l)!! 1 SG i 
cos” x+sin” x =2. ( oi - pr 2 Coal + (-1)" )eos(2(m— kx) 


In particular, at we have m = identity, cos’ x+sin’ x =1 at - m = 2,3 often used equalities: 


cos x+8in'x=— (4) auc (1 +(- 1) Jcos(2(2- k)x)= : + ; cos4x =1—2sin’ xcos’ x, 


3 (212 


cos’ x+sin’ x = Ce le (1 +(-) Jeos(2(3- k)x)= : + : cof4x)=1—3sin’ xcos x. 


Conclusions 


1. Representations of the functions cos” x and sin” x in the form of liniar combinations 
of the functions coskx and sin kx are received. 


2. New representation of the left part of identity from (cos’ x +sin* x)” =1 which a 
number of known parities follows is received (cos’ x +sin* x)” =1. 


3. Cjomparison of the formula (13) with a recurrent equation (2) allows to make a 
conclusion about some advantage of our theory. For example, if you need to calculate a 
definite integral (especially when n >>1). 

4. Our approach gives a new representation for well-known Wallace’s formula. 
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